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On hydrodynamic instability of the flame-wedge
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Abstract. The hydrodynamic stability of the premixed wedge-shaped flame involving a burned-gas stagnation
zone is considered. It is shown that the Darrieus-Landau instability of the flame interface is reinforced by the
Kelvin-Helmholtz instability of the stagnation-zone boundary.
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1. Introduction

Due to burned-gas thermal expansion there is a coupling between the premixed flame and
the adjacent flow-field. The most prominent manifestations of this interaction are the long-
wavelengthinstability of aplanar flameand vortex shedding induced by the flameinterface[1—
2]. Although in reality the two effects often coexist, the mechanism responsible for flame
instability is not directly connected to vortex production. One can successfully describe the
instability within a purely potential model [3-5]. On the other hand, the vortical flow behind
the flame may well become unstable in its own right, thereby markedly affecting the flame
dynamics. The geometrically simplest situation where one can observe this interaction is the
wedge-shaped flame attached to the slot Bunsen-type burner. In such a system the streamlines
crossing the flame are refracted forming the wedge-like stagnation zone with a shear, i.e.
vortical flow near its boundary. The stability of this configuration is the main concern of
the present study. The problem is analyzed within the framework of the conventional ideal-
fluid-based model, where the flame is regarded as a hydrodynamic discontinuity moving at a
constant normal speed and separating the fresh mixture from the combustion products. In a
two-dimensional formulation, the undisturbed flame interface appears as a wedge formed by
two half-planes. Figure 1 shows a general view of the undisturbed flame-flow configuration.
Dueto thermal expansion of the burned gas, the normal component of the flow velocity jumps
up asit crosses the flame interface. The tangential component, however, remains continuous.

In the burned-gas region, owing to the streamlines refracting, we obtain the wedge-shaped
interface of the localized vorticity, i.e. tangential discontinuity of the velocity field.

To simplify calculations, the perturbed picture is assumed to be symmetric relative to the
y-axis. Far away from the flametip, wherethe mutual influence of the disturbances devel oping
on the lateral sides of the flame-wedge is negligibly weak, the disturbances grow according
to the classical Darrieus-Landau solution for a freely propagating planar flame [1-2]. The
only differenceis that now the disturbances drift at a constant velocity towards the flame tip.
Behind the flame, in the region of combustion products, the disturbances on the tangential
discontinuity also drift, but now away from thetip. Far from thetip their dynamicsis subjected
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Figure 1. The undisturbed picture of the wedge-flame flow field. The numbers 1, 2, 3 denote the regions of
fresh gas, combustion products and stagnation zone, respectively. The vectors n,, 7, are the normals to the flame
interface and the tangentia discontinuity.

to the Kelvin-Helmholtz instability. Near the tip the perturbations evolving on the flame and
tangential discontinuity influence each other and the general picture is more involved.

2. Undisturbed flow field

Let us assume that the incoming flow of the fresh mixture moves at a constant velocity V3,
along the y-axis as shown on Figure 1. The normal projection of this velocity on the flame
interface is equal to the flame speed, Sy, regarded as a prescribed parameter. Hence, the
inclination angle of the planar flame interface, «, is determined by the simple relation

cosa = Sp/ V. (21

In the burned-gas region the flow field meeting the usual requirement of mass and continuity
reads

Vo, = SpSina(tana + E cota), Vor = (E —1)Spsina. (2.2-2.3)
Here E = pi1/p2 is the thermal-expansion parameter with £ > 1; z,y correspond to z, y-
velocity components; subscripts 1, 2 correspond to the fresh and burned gas, respectively.
Theinclination angles of the flame, «, and tangential discontinuity, 3, are related through the
condition

(E—1)tanf = (tana + E cot o) (2.9)

In the stagnation zone the gasis at rest and the density isidentical to that of the burned gas,
p2. Note that

f—m/2 assE—1 (2.5)

anda—f—7m aFE — co.
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The normals and tangential s to the flame- and stagnation-zone boundary read

My = COSav iy + SNa iy, (1 =—SNaiy +Cosa i,

2.6
My = COSB iy, — SiNS iy, (2 =—sinBi, 4+ cosfi,. (26)

Here, the subscripts 1, 2 correspond to the flameinterface and tangential discontinuity, respec-
tively. Further, i, and i, are the unit vectors along the z. And y-axes, respectively.
For the sequel it is convenient to introduce the new coordinates

m=mny- X, e =mny-X, G1=¢1-X, C2=1¢2" X, (2.7)

where X = (z,y).
In these variables the undisturbed interfaces for the flame and tangential discontinuity

becomer; = 0and 7, = 0O, respectively. Note that the directions of the normalsn, and n, at
the interfaces coincide with those of the azimuthal derivativesin polar coordinates.

3. Equationsand boundary conditions

The hydrodynamic disturbancesin all regions are described by the linearized Euler equations.
In the fresh-gas region the equations written in the coordinates ; and ¢; read

82)1 (91)1 81)1 1 3171

ot O, — °° a8C1 p1OM ()
Ou1 ous ous 1 0p1

— + 85— — Sptana—— = ———=, 3.2
ot = %  7° 0 p10G 52
8u1 81}1

T ) 3.3
o¢ o (33

Here, v1,u1 are the velocity component along 74, {1; p1, p1 are the fresh-mixture pressure
and density. In the burned-gasregion, it is helpful to have the hydrodynamic equationswritten
bothin (n1, {1) and (n2, ¢2) coordinates. In the coordinates (7)1, (1) the system reads

8;;1 + ESO%LT]T — So tana(?;?ll = —gg—gi, 34)

%H_@ks*o%zll—ks*otanozaa%zl1 :—%Z—Z, (35)

%L;ll 38_77211 —o. (36)
In the coordinates (72, ¢2) we obtain

Juzs Juzs E 0p2
24 U= = - 3.8
ot ©a¢ p1 0C2 59
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Here, v1, up; are the flow-velocity components along 4 and ¢4 and va3, uz3 —aong n, and
¢, and py isthe pressure; Up = (E — 1)SpSina/ cosg is the unperturbed velocity of the
burned gas along the stagnation-zone boundary.

In the stagnation zone the hydrodynamic equations written in the coordinates (72, () read

(3.9)

ov3 _FE Op3 ous _ E Op3 Ouz Ovs _

o8 om0 mdG  0G  om (310312
Here, vz, uz are the velocity components along 7, and ¢, and p3 isthe pressure. It is assumed
that the gas density in the stagnation zoneisidentical to that of theburned gas, viz. p, = p1/E.
Let us now turn to the conditions at the interfaces and denote the profiles of the disturbed
flame and the tangential discontinuity asn; = f1({1,t) and ny = f2((2, t), respectively.

For the undisturbed interfaces we have 1 = 7, = 0. The interfacial disturbances of
velocity and pressure depend only on the distance from the flame tip and on time. It is,
therefore, convenient to introduce the polar coordinates (r, ) with the origin at the flame tip.
At theinterfaces: 0/0¢1 = 0/0&, = 0/ 0r.

The boundary conditions at the flame interface read

Lif1 = v, Lof1 = va, (3.13-3.14)
uy — u1 = (E — 1)Sod f1/0r, p1=p2 = a1, (3.15-3.16)

where L, = 9 /0t — Sptanad/dr. The conditions (3.13) (3.14) express conservation of mass
and the flame-speed constancy. The momentum flux conservation is described by (3.15-3.16).
The boundary conditions on the tangential discontinuity read

Laofz = s, 0f2/0t = vs, p2 = p3 = a, (3.17-3.19)
where Ly = 8/t + Ugd/Or.

4. Equationsfor the disturbed interfaces

In this section, the stability problem is reduced to a set of coupled equations for the disturbed
interfaces n1 and 7). First, asis readily seen, the perturbation of pressure in all three regions
is described by the Laplace equation subject to the boundary conditions (3.16), (3.19). It is
required that the perturbation of pressure aswell asitsradial derivativescoincideat r = 0. Itis
also required that the radial derivativesof al the quantitiesinvolved vanishasr — oo. Hence,
p1, P2, p3 May be written as a convolution of a; and a, with the associated Green functions

p1 = Giay, p2 = Gorag + Gazas, p3 = Gaaz. (4.1)

The operators G1, Go1, G23 and G5 correspond to the fresh and burned gases and stagnation
region, respectively. Their concrete structure is given in the Appendix.

Let usassumethat in the fresh gas and stagnation regions the flow is potential. Thus, if we
know the fresh-gas normal velocity along the flameinterface we may calculateits value at any
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point in the fresh-gas region. The sameis true for the stagnation zone as well. The boundary
conditions (3.13) and (3.18), therefore, yield

V1 = élilfl, v3 = @38f2/8t. (4.2)
Hence

ovg = = o0vs — 0f2

— = K1L1f1, — = K3—=, 4.3

Ot lpmo 1 O2lpeo O 43)

where the operators K and K3 are defined as

Ky = lim —G@Ga, K3 = lim —Gs. 4.4
Lo soom t T o on, (“44)

For their detailed structure see the Appendix. We aso introduce the new operators K. 21, Ko,
defined as

= . 0 ~ . 10 4 10 ~

Kn=Ilm_—Gxn= Im ——Gn =—-Ilim -—G 4.5
= lim o Ga= lim o Ga 9,0 (4.9)

= . 0 ~ . 10 4 10 -~

K= Ilim —Gx = lim ——(Go=— lim ——Go1. 4.6
2= M 5 0e = Im, 5,02 9,02 (4.6)

Theapproach leading to the equationsfor theinterfacesmay be described asfollows. Equations
(3.2) and (3.4) on the flame interface read

~ — 1 ~

L23f1 + SoKqv1 = —p—KlaL 4.7)
1

1. vy 1 ~ —~

—L2f1 + So—— = ——(K2a1 + Kozap). (4.8)

Here we used the expressions (4.3) and (3.19). Employing the continuity equations (3.3) and
(3.6), we may write the relations (4.7) (4.8) asfollows:

ouq 1

L2f1 — So—— = ——Kja, (4.9
or P1

1- ou 1 = —

ZI2f1 — Son 2t = ——(Kaa1 + Kxaz). (4.10)

E or Pl

Subtracting (4.9) from (4.10) and employing the boundary condition (3.15), we obtain

(1_1>22f Lm0l - L (R Ron)ar — Rosan) (4.12)
E 1/1 087”2_/)1 1 21)01 2342). .
Equations (3.7) and (3.10) on the tangentia discontinuity interface may be written as

E _
(Ko1a2 + Kozas), (4.12)

Lovps = L3fo = —
P1
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9 f2 E—
The Equations (4.10), (4.11), (4.12) and (4.13), which account for the boundary condition
(3.13), constitute the system that describes evolution of the interfaces f, f» as well as the
interfacial pressuresa; and as.

- — 1~
Lif1+ SoKiLif1 = _EKlaL (4.14)
1 = 2f 1, =~ = _
= —1)I12 E—-1)82—2 = — (K1 — K -K 4.1
(E ) fi+( )So 52 pl(( 1 — Ko1)ar — Kazaz) (4.15)
02 E - E — —
—f22 = ——Kaay, L%fz = —(Ka2 + Kaza1). (4.16-4.17)
ot p1 p1

Eliminating a1 and az, we end up with the system just for the interfaces 7, 7,.

5. Correspondencewith the Darrieus-Landau and Kelvin-Helmholtz solutions

Thetransition to the Darrieus-Landau problemisrealized at » — oo. Inthislimit the equations
(4.14) (4.15) become

~ ~ —~ 1 ~

L2f1 + SoL1K f1 = —EKGL (5.1)
1 - S

(E — 1) Lif1+ (E—1)S3 52 = EKal, (5.2)

where K is the Hilbert operator (see A.7). Eliminating a1 and setting f» = exp(t + ikr)
we end up with a relation between Q2 and k. The only deviation from the Darrieus-Landau
solution in that the instability rate, €2, acquires the imaginary part, ImQ = Spk tan«. The
Darrieus-Landau dispersion relation naturally arisesat o = O.

For the disturbed tangential discontinuity the pertinent equations at r — oo are identical
to those for a plane interface separating two gases of equal densities, but different velocities
aong the boundary.

In the stagnation zone the gas is at rest, while the burned gas moves at the velocity
Uo = (E — 1)Sosina/ cos 3 along the border. Hence, the pertinent dispersion relation reads

Q = 3Uo(—ik + |K|), (5.3)
recovering the classical Kelvin-Helmholtz solution (e.g. [6, pp. 481-486])

6. Narrow-wedge approximations

In this section we consider two limiting situationswhere the fresh gasor the stagnation regions
form sharp wedges. The problems are considered independently and we ignore interaction
between the interfaces. Apart from this, the interfacial dynamics is considered far from the
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wedge tip. The flame disturbances are described by (4.14) and (4.15). For weak thermal
expansion £ — 1 = ¢ <« 1thelatter become

~ —~ A 1 ~

Lifi+ SoKiLif1 = —HKlal, (6.1)
Pfh 1= =

—eL2f1+¢ 38 S = E(Kl—K)al, (6.2)

In the narrow-wedge limit 7/2 — a = v < 1the operators K1 and L; are simplified to

— 0 0 - o 1,0

K== (). T - —sop (6:3-6.4)
Therelation (6.3) is obtained from the following arguments. Within the wedge we have

0 ( Op 10%p

or ( 87") t r 8<p =0,

while at the boundary p1 = a1. For disturbancesthat are symmetrical relative to the y-axiswe
have

= E7“E1a1. (6.5)

p=—a

Ppr _ Lop
0p? v dp

The system (6.1) (6.2), thus, is reduced to asingle equation for f,
(E% + SoE]_L]_ - ESSK\]_E)]']_ =0. (66)

Substituting f1 = exp(2t + ikr) and replacing, for simplicity, K by —y0/0r, we obtain

Q = SoK <z’/j + 7k—27ﬁ(\/1+ A [yker — 1)) . ©6.7)

For the sharp wedge, therefore, the disturbances grow much slower than for a plane flame
where, asis well-known [6],

Q = 3eS0|k|. (6.8)

Notethat for amore accurate analysis of Equation (6.6) the ansatz f1 = exp(2t + ikr) should

be modified in accordance with the actual structure (6.3) of K.

Now consider stability of the tangential discontinuity at v = 7/2 — 8 < 1. In this case
the interface evolution is described by (4.16) and (4.17), where a1 should be set to zero and
Kn replaced by the Hilbert operator, K, ie

~ E ~
22 — _Z Kaay, —L3fo = —Kay. (6.9-6.10)
p1 p1
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Adopting the same approach as for the sharp flame wedge, we may approximate K3 by
vrd?/or?, wherev = n1/2 — 3 < 1. Theresulting dispersion relation reads

Q = kUpVvrk(x£1 — ivurk) /(1 + vrk). (6.11)

Thus, for symmetric disturbancesthe growth rate appearsto belower than for aplanar interface;
see (5.3). The analysis presented in this section is valid only in the domain 0 < kr < 1/7.
For larger r, for which the mutual influence of the lateral surfaces of the wedge may be
neglected, the growth rate of the disturbances will be described by the Darrieus-Landau and
Kelvin-Helmholtz solutions.

7. Flameinterface and stagnation-zone-boundary interaction

We will study the stability problem, assuming the thermal expansion to be weak (£ — 1 =
e < 1), and the fresh-gas wedge to the blunt (o < 1).
The system (4.14-4.17) becomes

df1 ay
= —— 7.1
0 ot p17 ( )
0? 1 -~ — 1~
ESCZJanzl = E(Kl — K»)ay — EKzsaa (7.2)
0% f> 1~ ~5 1 ~ —~
L S N PR v Kosar). 7.3-74
512 o, K302, 2f2 81( 2102 + Kz3a1) ( )

Eliminating f1 and f», we obtain two coupled equations for the interfacial pressures a; and
an.

eS0T (K — Kn) T2 K92 7.
€S0 5 (K1 — K21) 5t B (7.9)
o — &% — &%

2 o r 1
—L2K3a2 = K21_8t2 + Kzg—atz . (76)

Sinceat o <« 1thestagnationzonewedgeissharp (7/2—( = v < 1), thesystem (7.5)—7.6)
alows for further simplification:

0%ay —~0a1 — Oay 283a2 —~0%ay 0%ay
SoZ B = 2RI L K P2 urs kL2 g .
£2075,2 or B VP03 oz B

(7.7-7.8)

Here K3 is replaced by vr9/0r. Near the tip, where interaction between the interfaces is
anticipated to be most prominent, the operator K»s. At the system (7.7)—(7.8) describes the
dynamics of a planar flame. Since v issmall, its impact may be evaluated iteractively.

Thus, as we would expect, the flame instability is markedly reinforced by the presence
of the tangential discontinuity — the instability of the downstream vortical flow. The latter
is likely to result in an additional extension of the wrinkled flame interface and, thereby, in
burning-rate enhancement.
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In the wedge flames discussed in this paper the basic vortical flow is controlled by the
incoming flow velocity V71,. A similar effect, however, may occur in freely propagating flames
subjected to a Darrieus-Landau instability as well. Here, the vortical flow sustained by the
flame cusp may undergo self-turbulization and, as in the previous problem, promote flame
wrinkling and, thus, elevate its propagation speed.

Appendix

Asiswell-known, solution of the Dirichlet problem for the upper half-plane may be written
as

_ 1o Te(v)
B(6,7) = - /m L (A1)
Here ®(¢, 7) is a harmonic function a 7 > 0 and ¢(£) = ®(¢,0). To solve the Dirichlet
problem for the fresh-gas sector 7 — o < 6 < 27 — «, we may use the conformal mapping
w=¢&+iT =r"exp(ik1(0 — ™ — a)) (A.2)

of the haf-plane Imw > Oonto 7 — a < 0 < 27 — a. Here k1 = w/(m — 2cr). Under
such a mapping the half-plane points go over to those of the above sector according to the
transformation

¢ =r"cos(k1(0 — m — @), T =r"s8in(k1(0 — 7 — a)). (A2

Theray [0, £ = oo] correspondsto theray [0, ( = m + «a)r = oo], and theray [0, ¢ = —o0]
corresponds to the ray [0, (f = 2 — a) r = oo]. Employing (A.2) and polar coordinates
(r,0), we may transform the integral (A.1) asfollows:

B(r,0) = E/OOO LA )L Al )L ] dn. A3)

k1—1

m e e A N (S

yielding Dirichlet’s solution for the sector. Here o~ (r) = ®(r, 7+ ) and ™ (r) = ®(r, 27—
«). Therelation (A.3) definesthe operator G1. Hence, at 6 = 27 — o we have

d@ 102

dn 90

2r—a

2,.k1—1 00
_ KT /
™ 0

or inaform that is more convenient for further calculations;

k-1 oo - +
__fr / L/ & N I (A.5)
2T —a ™ 0 77“1 +r# 77“1 —rf

L et us define the new operator K as

k1—1 roo K1
2k /0 nn—f"dn, (A.6)

T 2K1 7”2”1

k1—1

(rre+ )2 0 (ree— )2

o~ @*(n)n’“‘ll d A4

192
r 00

Kaf(r) = —
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where the integral is understood in the principal-value sense. At k1 = 1 (plane flame) K
becomesthe Hilbert operator K for symmetric f(r),i.e. f(r) = f(—r),

o
Kf(r)= l/ g, (A7)
M)l —1
In the general case, we should use the relation (A.5). In the limit k — 0, which corresponds
to an infinitely sharp wedge, K, vanishes.
In asimilar manner we may construct Green's operators for other regions of the problem.
Thus, for the stagnation zone

. Dpartza—1l oo K3
Kaf(r) = 22 [* g, (A8)

T nan _ ,r2n3

where 5 < 0 < m — fand k3 = w/m — 2[3. For the burned gasregion

_ ﬁzrﬂz—l 0o le

Raf =" — [ 0 dn (A9)
— - RZTKZ_]' o0 fT] d A 1
Kaf =—— /o sl (A.10)

where —a < 0 < B,k2 = /o + . Atr — oo:
ff\zg — 0, ff\zg — f(\, ff\g, — ff\, f(\l — k\, (A.ll)

K;—0 a rk3—0 (infinitely narrow stagnation zone). (A.12)
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